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ABSTRACT. Let p be a linear Z,, action on c™ and let p also denote
221 x p24, p?P x §2471 4pg s7P71 x 52471

the induced Z, action on §
where p = [m/2] and q = m — p. A free differentiable Z, action ('122"'—-l

" 1)
on a homotopy sphere is p-decomposable if there is an equivariant diffeomor-
phism @ of (S2p 1 g2 p) such that (22m—l’ u) is equivalent to (Z(®),
A(®)) where £(®) = §2P7! x D29 Uy, D% x 5297 and A(®) is a uniquely
determined action on Z(®) such that A(®)IS*P ! x p?9 = p and 4@)ID?P x
qu-l = p. A homotopy lens space is p-decomposable if it is the orbit space
of a p-decomposable free Z, action on a homotopy sphere. In this paper, we
will study the decomposabilities of homotopy lens spaces. We will also prove
that for each lens space L2m-—l, there exist infinitely many inequivalent free
Z,, actions on s2m-1
lent to L2™71,

such that the orbit spaces are simple homotopy equiva-

0. Introduction. Let 4 be the antipodal map and let ¢ be an equivariant
diffeomorphism of (S? x SP, A) where A(x, ¥) = (—x, —y). Then there is a
uniquely determined free involution A(P) on Z(P) where

(@) = SP x DP* u, DPHY x SP

such that the inclusions SP? x DP*! — 3(&), DP*! x §P — Z(®) are equi-
variant. In [9], Livesay and Thomas have proved the following:

THEOREM 0.1. Let (Z2P*1, T) be a free involution on a homotopy sphere
=2P*1 then there is an equivariant diffeomorphism ® of (SP x SP, A) such
that (Z2P*1, T) is equivalent to (2(®), A(®)).

For n > 2, let p be a linear Z,, action on C™ which is free on C” — 0. Let
p=[m/2] and g =m —p. Then §2™~! §2P~1 x D29 p2P x §24-1 gpq
§2P~1 » §2471 are invariant subspaces and the induced actions are free. We
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will use the same notation p to denote the induced actions. If & is an equivari-
ant diffeomorphism of (S ™! x §2971, p), then there is a uniquely determined
free Z, action A(®) on Z(P) where

(@) = §%P"! x D29y, D?P x §%47! -

such that the inclusions $?? ! x D29 — (&) and D?P x §29~1 — 3(®) are
equivariant. In [9], using the same argument, they have also proved the follow-
ing:

THEOREM 02. Let (%™, u) be a free Z 3 action on a homotopy sphere,
then there is an equivariant diffeomorphism ® of (S?™~! x $2™~1, p) such
that (%™, ) is equivalent to (Z(®), A(D)).

The proofs use the following well-known facts: (a) J: KO(RPP) — J(RP?)
and J: KO(L*™1(Z,)) — J(L*™~1(Z,)) are isomorphisms [1], and (b) Wh(Z,)
and Wh(Z;) are zero [11]. The argument breaks down when n > 4. Hence,
they asked if there are similar properties for Z,, actions for n >4 [10]. For
convenience we say a free Z,, action on a homotopy sphere is p-decomposable if
it is equivalent to an action of the form (Z(®), A(®)). For a more precise defi-
nition, see Definition 2.1. It turns out that the answer to their question is nega-
tive and there are necessary and sufficient conditions in order that a free Z, ac-
tion on a homotopy sphere be p-decomposable. Since the orbit space =2™ ! /u of
a free Z,, action (Z2™=1, 1) on a homotopy sphere is a homotopy lens space, each
homotopy lens space is the orbit space of a free Z,, action on a homotopy sphere
and the equivalence class of (£2™~!, ) up to automorphisms of Z,, is uniquely de-
termined by the diffeomorphism class of z2m-1 /u. Thus the criterions on the de-
composabilities can be stated in terms of orbit spaces. So we make the following
definition. A homotopy lens space is p-decomposable if the corresponding action is
p-decomposable. For a more precise definition, see Definition 2.2. The question of
Livesay and Thomas is completely answered by the following:

THEOREM 03. A homotopy lens space X*>™ ' is p-decomposable if and
only if there is a simple homotopy equivalence f: X2™ 1 — 2™~ such that
wW[X2™ 7L, FDIL2P~Y = 0, n([X2™ L, F1)IL297Y = 0, where n is the normal
map and L*P~1 = §2P71 [p, [2971 = g2a71p,

On the other hand, Milnor has constructed infinitely many inequivalent
free Z,, actions on S2™ ! such that the orbit spaces are not simple homotopy
equivalent to any lens space [13]. However, by the Classification Theorem of
Browder, Petrie and Wall [3], in each simple homotopy class of a lens space,
there are infinitely many free Z, actions on homotopy spheres. Since the group
of homotopy spheres is finite [7], one may conjecture that in each simple ho-
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motopy class of a lens space, there are infinitely many free Z, actions such that
the underlying manifold is S>™~1. It turns out that a much stronger result is
true. This is the following:

THEOREM 04. Let =™~ be a homotopy sphere which supports a free
Z,, action p where m >3. If n>3 or n =2 and m is even, then Z*™ " sup-
ports infinitely many inequivalent free Z, actions of which the orbit spaces are
simple homotopy equivalent to Z*™ ! [u.

This paper is organized as follows. In §1, we will summarize the results of
surgery theory which will be used in later sections. In §2, we will prove Propo-
sition 2.3 and Theorem 2.4 which imply Theorem 0.3. Most results in this sec-
tion have been announced in [18]. In §3, we will prove Theorem 0.4 which is
Theorem 3.1. It is understood that we are working in the differentiable category
and M = N means M and N are diffeomorphic.

1. Surgery on the compact manifolds. In this section we will recall the
theory of surgery on the compact manifolds. The main reference will be Wall’s
book [17].

Let X™ be a compact oriented manifold of dimension m with boundary
(possibly empty). We consider pairs (M™, f), where M™ is a compact oriented
manifold of the same dimension and f: (M™, aM™) — (X™, 3X™) is a (simple)
homotopy equivalence of pairs such that f[oM™ is a diffeomorphism. (M™, f)
is called a (simple) homotopy smoothing of X"™. Two pairs (MY, f,) and (M7,
f,) are equivalent if there is a diffeomorphism d: MT* — M3 such that f is
homotopic to f, - d relative to dMT'. Let [M™, f] be the equivalence class of
(M™, f). Fore=hors, let S(X™, dX™) be the set of equivalence classes of
(simple if € = s) homotopy smoothings of X",

Let f: (M™, aM™) — (X™, dX™) be a (simple) homotopy smoothing.
Let g be a homotopy inverse of f such that g[dX™ = (f|aM™)~!. For k suffi-
ciently large, we may approximate g x 0: X — M™ x R¥ by an embedding
g. Let v be the normal bundle of the embedding g. v|dX™ is trivial and there
is a canonical fiber homotopy trivialization for ». Let G/O be the classifying
space for fiber homotopy trivialization of vector bundles. Then (M™, f) deter-
mines an element n(M™, f) in [X™[0X™, G/O]. n(M™, f) depends only on the
equivalence class [M™, f] and thus defines a map n: S€(X™, 3X™) —
[X™[aXx™, G/O].

For each integer k, let Ly (m;(X™)) be the Wall group of m,(X™) [17].
For each £ € [X™/0X™, G/O], there is a surgery obstruction o(£) in L, (m,(X))
such that o(¢) = 0 if and only if there is @ € S¢(X™, 9X™) so that n(a) = &:
Moreover, L, . ; (m, (X™)) acts on S°(X™, 9X™) such that for a, € S*(X™, 3X™)
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and n(e) = n(P), there is x € LY, . , (1, (X™)) such that § = w(x, ).

Thus we have the following exact sequence which includes much of the
theory of surgery as developed by Milnor, Kervaire, Browder, Novikov, Sullivan
and Wall [17],

L, (m,(X™) <> Sexm, ax™) 1> [X™[3X™, G[O] L5 LS, (m, (X™))-

Let Y™ C int X™ be a submanifold of same dimension. Suppose g: (V"™
dN™)— (Y™, d3Y™) is a (simple) homotopy smoothing. Let M™ = (X" —
int Y™) Uiy iany N™ and define f: M™ — X™ by fIX™ — int Y = identity and
fIN™ =g. It is easy to see that (M™, f) is a (simple) homotopy smoothing of
X™ and [M™, f] depends only on [N™, g]. Thus we have a well-defined map
a: S(Y™,aY™) — S¢(X™, 9X™). Note that X™/(X™ — int Y™) is homeo-
morphic to Y™/9Y™. The collapsing map X™/dX™ — X" [(X™ — int Y™)
together with the homeomorphism induces a homomorphism b: [Y™/3Y™,G/O]
— [X™[0X™, G/0]. Then we have the following theorem which is an easy
consequence of the general theory.

THEOREM 1.1. Let Y™ C int X™ be a submanifold such that m,(Y™) ~
7,(X™) =~ m. Then we have the following commutative diagram:

SE(Y™, aY™) I, [Y™[aY™, G/O]

y" \
LE . (™) a b Ly, (m)

w, oy
SEX™, 3X™) 22> [X™[2X™, G/O]
where € = h or s.

LEMMA 12. Let a € S(X™, 0X™). If ny(@)IX™ —int Y™ = 0, then
there is vy € S€(Y™, 9Y™) such that a = a(y).

PROOF. Since n,(a)|X™ —int Y™ =0, there is £ € [Y™[3Y"™, G/O]
such that n,(a) = b(¢). But
0,())=0, " bE) =0, "0 ()) = 0.
Hence there is B € S€(Y™, 3Y™) such that n,(8) = §&. Since
n, - aB) = b - 1, (8) = b(§) = n,(a),

there is x € L, , , () such that a = w,(x, a()) = a - w,(x, f). Lety =
w,(x, B). Then we have a =a(y). O
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The following is a well-known result (sece [17]). We shall omit the proof.

THEOREM 13. Let K™ ™! be a closed manifold. Then SS(K™ ! x I, d)
is an abelian group and w: L%, (m, (K™ 1)) — SS(K™ ™! x I, 3) is a homo-
morphism.

The following useful result is due to Petrie [14].

THEOREM 14. Let X2™ ™! be an oriented manifold such that m,(X*™ 1)
= Z,. Then there is a subgroup L3,(Z,) of L3,(Z,) of rank Yn,m Which acts
freely on S5(X*™~1 3x2m~1) where

[n/2] if mis even,

7n,m
[(n=1)/2] if misodd.

Finally, let f: M™ — N™ be a homotopy equivalence. Then there is an
element 7(f) in the Whitehead group Wh(m,(N™)) such that 7(f) = 0 if and only
if f is a simple homotopy equivalence [11]. The following lemma is a special
case of the Sum Theorem of Whitehead torsions [8].

LEMMA 15. Let Y™ C int X™ be a submanifold such that n,(Y™) ~
7,(X™) ~ n. Then we have the following commutative diagram
S*(y™, ay™)

"\‘
a Wh(n)
sh(x™, ax™) /

where a is defined as in Theorem 1.1.

2. Decomposability of homotopy lens spaces. Let p be a fixed linear ac-
tion of Z,, on C™ which is free on C™ — 0. Let p = [m/2] and ¢ = m —p.
Then §2™~1, §2P~1 « p24 p?P x §2a713pq4 §2P~1 x §29-1 ape invariant
subspaces. We will use the same notation p to denote the induced actions. For
an equivariant diffeomorphism ® of (27~ x §2971, p), there is a well-defined
Z,, action A($) on Z(P) where

(®) = S%P7! x D29y, D?P x 52971

such that the inclusions S27~! x D29 — (&) and D?? x §297! — 3(®)
are equivariant.

DEFINITION 2.1. 4 free Z, action (£*™ ', u) on a homotopy sphere
22m -1 is p-decomposable if there is an equivariant diffeomorphism ® of (S*P~!
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x 82971, p) such that (£*™ ™!, y) is equivalent to (Z(P), A(P)).

It is well known that the orbit space of a free Z,, action on a homotopy
sphere is a homotopy lens space and every homotopy lens space is the orbit
space of a free Z,, action on a homotopy sphere. Thus the decomposition of a
free Z,, action on a homotopy sphere induces a decomposition of the orbit space
which can be described as follows. Let

Lzm—l =Szm—l/p, M2m—l = (S2p-l % qu)/p,

sz—l = (sz x qu—l)/p
and

sz—z = (S2p—l X qu—l)/p'

DEFINITION 2.2. Let X*™~! be a homotopy lens space. Then X*™~! is
said to be pre-p-decomposable if there is an h-cobordism (W*™~1; K2m~2,
K*™=2) such that

2m-1 2m-1 2m-1 2m—
X = M2m-l gy, w2mTl g N2

X2m=1 s sid to be p-decomposable if W*™M ™1 = g*m=2 |

It is easy to see that X 2m=1 iq p-decomposable if and only if there is a
diffeomorphism ¢ of K2™ 2 such that X2™~! = M2™~! U, N?™~!, Hence
a free Z,, action on a homotopy sphere is p-decomposable if and only if its orbit
space is p-decomposable. For convenience, we will study the decomposabilities of
the homotopy lens spaces instead of the decomposabilities of the free Z,, actions on
homotopy spheres.

Let L2771 = (82771 x 0)/p and L297'= (0 x $2971)/p. Let n: SS(L>™1)
— [L?>™~1, G/0] be the normal map. Then we have the following:

PROPOSITION 2.3. Let X2™ ! be a homotopy lens space. Then X*>™~!
is pre-p-decomposable if and only if there is a homotopy equivalence f: X*™ !
— L2™~ such that n([X*™ 1, fIL*P ™! = 0 and n([X*™ ), []IL*! =
0.

ProOF. Letj: L2P~1 — 2™ 1 pe the inclusion. Let f: X2™~! —
L?>™~1 be a homotopy equivalence and let g, be a homotopy inverse of f.
Since p = [m/2], g,/ is homotopic to an embedding. By homotopy extension
theorem, g, is homotopic to a homotopy equivalence g such that g is an em-
bedding. g is also a homotopy equivalence of f. Let », (»,, respectively) be
the normal bundle of j (gf, respectively). Following Sullivan [16], for k suffi-
ciently large, we may approximate g x O: L2m-1 5 x2m=1 o RK by an
embedding g which extends gi. Let v be the normal bundle of g. It is clear that
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(g/)*(v, ®v) is stably isomorphic to j*v,. By definition, n([X2™ !, f]) =
[v, ] where ¢ is a canonical fiber homotopy trivialization for ». Suppose that
n([X*™ 7L, FDIL*P~! = 0. Thenj *p, is stably isomorphic to (g/)*v,. Since
p = [m/2],j*v, is isomorphic to (g/)*v,. It follows that gIM?™ ! s an em-
bedding. Hence, if n([X2™1, HIL2P~L = n([X2™~1, FPIL297! = 0, there
is a homotopy equivalence #: L2™ 1 — X2m~1 gych that h|M>™ ! and
hIN?*™~1 are embeddings. Let

w2m=l = x2m=1 —int A(M>™ ') - int AQV2™Y).

It is routine to check that W™~ is an h-cobordism. Therefore X2™~! is pre-
p-decomposable.

Conversely, suppose X2™~! js pre-p-decomposable. Then there is an k-
cobordism (W2™~1, k2m~2 g2m-2) gych that X2™m ™1 = g2m-1 y,, wrm-!
Uy N2™m71 Let f: X2™~1 — [2M~1 pe a homotopy equivalence and let g,
be a homotopy inverse of f. Let k: L2P~! — X2m~1 pe the inclusion. Let
22m=1 pe the universal covering of X2™ !, Then =2™~! — X2™~1 jsa
(2m = 1)-universal bundle for principal Z,-bundles [15]. Both k and g,j are
classifying maps for S2P~! — L2P~1 5o k and g,/ are homotopic. By a theo-
rem of Haefliger [S], g,/ is isotopic to k. By the Isotopy Extension Theorem
[12], g, is isotopic to a homotopy equivalence g such that g/ = k. g is also a
homotopy inverse of f. Again, for k sufficiently large, we may approximate g x
0: L2™~1 — x2m-1 « Rk by an embedding g which extends g|L2P~!. Let
v be the normal bundle of g. Then n([X2™~!, f]) = [v, t] where ¢ is a canoni-
cal fiber trivialization for v. Let v, (v,, respectively) be the normal bundle of
J (k, respectively). Then j*v, is isomorphic to k*v, and there is a canonical
fiber homotopy equivalence from j*v, to k*v, by a result of Hirsch [6]. It fol-
lows that n([X2P~Y, fDIL?P~! = [y, t]IL?P~! = 0. Similarly, we can prove
n([XZm-l’f])leq—l =0. O

THEOREM 24. Let f: X2™ ' — L2™~! pe q homotopy equivalence such
that n([X2™ 7L, fPIL?P ™! = 0 and n([X*™ ", fDIL*97! = 0. Then X*>m1
is p-decomposable if and only if f is a simple homotopy equivalence.

ProOF. It is obvious that there is a diffeomorphism
k: L2m—l __>M2m—l Uid sz—Z x IUid NQM'—]

such that k(L2P~1) = L2P~! k(1297 1) = L297) K(K*>™?) = K*™"2 x 4,
respectively) and k|L2P~! (L2971, K™ =2 respectively) is the identity. Hence,
without loss of generality, we may assume

L2m-1 =M2m-l Uyg K2m—2 x Iuid sz—l.
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Since L2P~! (L2971, respectively) is a deformation retract of M2™~1 (N2m~1,
respectively), it follows from the assumption n([X?>™~1, £])|L?P~! = 0
and n([X2™7Y, FDIL297! = 0 that o([X>™, FDIMP™ Y = 0 and
w[X?™7L, FDIN>™! = 0. Thus

wW[X2™L fIx2m! —int(K2™ 2 x [) = 0.
Let

a: Sh(K2m-2 x I, a(K2m—2 x 1))—*5"(142'”_1)

be the map defined as in Theorem 1.1. By Lemma 1.2, there is a homotopy
smoothing g: W2™ ™! — K2™~2 [ such that a([W2™ 1, g]) = [X2™ 1, f].
Since by Lemma 1.5, 7,([X2™7!, f]) = r,([W*™ 1, g]), f is a simple homo-
topy equivalence if and only if g is a simple homotopy equivalence. It is also
easy to show that g is a simple homotopy equivalence if and only if W?™~! =
K2™~2 x I Now the theorem is clear. O

COROLLARY 2.5. For m = 3, n = 4, there exist infinitely many distinct
homotopy lens spaces simple homotopy equivalent to L*™ ™" which are not pre-
p-decomposable.

ProOF. Consider the following exact sequence
L3,Z) > S5 @™ L (L2771, GIO] 5 Ly y(Z,).

It has been proved by Browder [2] that 7 is onto if n is odd and according to
Wall [17], the coker 7 is Z, if n is even. It is easy to see that for n > 4, there
is £ € Im n such that £|L>P™! # 0. Suppose £ = n([X2™ 1, f]), then X2™ "1
is not pre-p-decomposable. Furthermore, forx €L, (Z,),

n(w(x, [sz—l’f]))IL2P"'l = ﬂ([sz_l,f])iLZP'l #0.
Now the corollary follows easily from Theorem 1.4. O

COROLLARY 2.6. For m 23 and n # 2, 3, 4, 6, there exist infinitely many
distinct pre-p-decomposable lens spaces which are not p-decomposable.

ProoF. For u € 2Wh(Z,,), there is an h-cobordism (W2™~1; K2m~2,
K*™~2) such that f(W2™ 1 K2 "2y =y, Let X2m~! = M2m 71y, W2m!
Uq N2™71, Let W2m~1 (X2™ =1, respectively) be the universal covering of
w2m=1 (x2m-1_respectively). Since S2P7! x §297! is simply-connected and
W2m=1 = g2P~1 » §24~1 » [ X2m~1 js a homotopy sphere which supports a
free Z, action such that the orbit space is X2™ ™!, Thus X2~ is a homotopy
lens space which is clearly pre-p-decomposable. It is also clear that for u # v,
Xx2m~1 & x2m=1_ Now the corollary following the fact that rank Wh(Z,)) > 1
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ifn#2,3,4,6,and X ;‘;"' ~1 js not simple homotopy equivalent to L>™~!, O

COROLLARY 2.7. Let m = 3. Forn =3 or n = 2, m is even, there exist
infinitely many distinct p-decomposable homotopy lens spaces.

PrROOF. Let w: L9, (Z,) — SS(L>™ ") be the action of L3,,(Z,) on
SSL*™71). It follows easily from Theorem 2.4 that if X2™~! is a p-decom-
posable homotopy lens space then each homotopy lens space in the orbit of
[X2m=1, f] where f is a suitable simple homotopy equivalence, is decomposable.
L?*m~1 s obviously p-decomposable. Now the corollary follows from Theorem
14. O

ReMARK 2.8. We have studied the decomposable free S! actions on homo-
topy spheres in [19], [20].

REMARK 29. Theorem 2.4 and Corollary 2.6 have also been obtained inde-
pendently by C. C. Liang.

3. Free Z, actions on homotopy spheres. Let (Z2™1 ) ) be a free Z,
action on a homotopy sphere 2™~ Then it is well known that there is a lens
space L2™~! such that =2™ ! /u is homotopy equivalent to L>™~!, Let X2~}
=22m~1/y and let f: L*™~! — X2™ "1 be a homotopy equivalence. f|L2P~!
is homotopic to an embedding. Let P21 pe the tubular neighborhood of this
embedding and let Q2™ ™1 = X2m~1 —jut P21 Let m: £2m71 — x2m-1
be the projection. Then it is easy to see that 7~ !(P?2™ 1) = §2P~1 x p24,

By an easy application of the h-cobordism theorem, we can show that 7~1(Q?>™~1)
=D x §2971 Let up (g, respectively) be the induced action on §2P-1
D?% (D?P x §297! respectively). Note that in general, pp and g are not lin-
ear. For an equivariant diffeomorphism ¢: (%771 x §2971, y) — (S?P7! x
§29-1, o), let B(Y) be the uniquely determined Z,, action on Z(¥) such that
the inclusions (SP ™! x D9, u,) — (2(¥), B(Y)) and (D*® x $*971, uy) —
(Z(¥), B(Y)) are equivariant. It is clear that there is an equivariant diffeomor-
phism ®: (§2P71 x §2971, yp) — ($2P71 x §2971, py) such that (2271, p)
is equivalent to (Z(®) B(P)). Let R2™2 = 3(P>™~1). It is obvious that

X2m—1 ngm—l Uid R2m—2 x ]Uid Q2m—l'

Consider the following commutative diagram:

SSR2™™% x I, 3(R?*™ 2 x I))
>

Lgm(Zn) a

(3]
\
SS(PZm—l Uid R2m—2 x IUid Q2M“l).
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By Theorem 1.4, for n 2 3 or n = 2 and m is even, there is an infinite subgroup
L3,(2,) of LY, (Z,) which acts freely on S°(P?™ 1 Uy R?™72 x T U,,
@*™ 1, Letx€ L3 ,.(Z,) be an element of infinite order. For each integer &,
let wy(kx) = [X2™~1, £, ]. Note that X2™~! are distinct and are simple homo-
topy equivalent to X2™ ™1, It is easy to see that for each integer k, there is a
representative [R*™ 2 x I, &) in w, (kx) such that g, IR?™~2 x 0 = identity.
Let ¥ = g,|[R*™2 x 1. Since w, is a homomorphism, g, |R?™~2 x 1 = ¥¥.
It follows from w, = a - w, that X3™ ™1 = P2"~1y_, ™1, Let { be the
equivariant diffeomorphism of (27! x §297!, up) which covers ¥. Let
2,2,""1 be the homotopy sphere which supports a free Z,, action such that its
orbit space is X2™ 1, It is clear that 2™ ! = £(® - y¥). By alemma of
[19], we can show that there is an infinite subset A of integers such that Z2™~!
is diffeomorphic to 2™~ (= £2™ 1) for k € A. Thus we have proved the
following:

THEOREM 3.1. Let £2™ ™! be a homotopy sphere which supports a free
Z,, action j1 where m >3. If n >3 or n =2 and m is even, then Z*™ ' sup-
ports infinitely many inequivalent free Z, actions of which the orbit spaces are
simple homotopy equivalent to Z*™ ! |u.

In particular, we have

COROLLARY 3.2. For each lens space L*™~Y n >3, there exist infinitely
many inequivalent free Z,, actions on S*™ ™! such that the orbit spaces are sim-
ple homotopy equivalent to L*™ ™ if n >3 or n = 2 and m is even.

ReMARK 33. For n # 2, 3, 4, 6, Milnor has shown that there exist infi-
nitely many inequivalent free Z,, actions on §2m=1 quch that none of the orbit
spaces is simple homotopy equivalent to a lens space [13].

REMARK 34. A weaker version of Theorem 3.1 has been announced in
[18].

REMARK 3.5. A weaker version of the S! analogs of Theorem 3.1 has been
proved in [19].

REMARK 3.6. The S!-analogs of Theorem 3.1 have been proved by Burghelea
[4] and which can also be proved by this method.
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